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Abstract

In this work, through the Riemann-Liouville fractional integrals, we give Hermite-Hadamard
type inequalities for exponentially sub-additive functions. For the product of exponentially sub-
additive functions, we present fractional integral inequalities. It is also shown that the results
proved here are the refinements and extensions of several existing results in the field of Hermite-
Hadamard like inequalities.
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1 Introduction

C.Hermite and J.Hadamard are the founders ofwell-known inequalitywhich is calledHermite-
Hadamard inequality (see, e.g.[12, p.137]). In the theory of convexity, the Hermite-Hadamard
inequality is well-established inequality with many applications and geometrical interpretations.
This inequality states that if a function φ : I ⊆ R→ R is convex, then for κ1,κ2 ∈ I with κ1 < κ2,
we have

φ

(
κ1 + κ2

2

)
≤ 1

κ2 − κ1

∫ κ2

κ1

φ(µ)dµ ≤ φ (κ1) + φ (κ2)

2
. (1)

If the given function is concave then the above inequality holds in reversed direction. This inequal-
ity can be easily captured by using the Jensen’s inequality for convex functions. For more recent
findings concerning (1) reader can read [4, 7, 14]. Please refer also to [20, 21, 24].

On the other hand, the main work on the general idea of subadditive functions is given by Hille
and Phillips [8]. This reference also includes a part of the work of Rosenbaum [13] on subad-
ditive functions of several variables. Additivity, subadditivity and superadditivity are important
concepts both in measure theory and in several fields of mathematics and mathematical inequal-
ities. Especially, there are a lot of examples of additive, subadditive and superadditive functions
in various areas of mathematics such as norms, square roots, error function, growth rates, dif-
ferential equations and integral means. Inequalities and especially subadditive functions theory
is one of the most extensively developing fields not only in theoretical and applied mathematics
but also in physics and the other applied sciences. Here, we mention the results of [3, 8, 9] and
the corresponding references cited therein. For other reference with the same result, please refer
[10, 13].

Definition 1.1. [9] LetH ⊆ R, A function φ defined onH and with range contained in the set R+(positive
real numbers), is considered to be subadditive on H if, for all elements µ and ν of H such that µ+ ν is an
element of H

φ(µ+ ν) ≤ φ(µ) + φ(ν).

If equality holds, φ is called additive; φ is considered to be superadditive, if the inequality is conversed. A
mapping φ is considered to be convex on the (possibly infinite) interval D if, for all µ and ν in D and all δ
which satisfy 0 ≤ δ ≤ 1,

φ(δµ+ (1− δ)ν) ≤ δφ(µ) + (1− δ)φ(ν).

If this inequality is reversed, φ is concave on D.

Remark 1.1. If φ is convex and subadditive on H and if φ(0) = 0, then φ is additive on H .

Definition 1.2. [9] A function φ : [0,κ2] → R, κ2 > 0 is considered to be starshaped if for every
µ ∈ [0,κ2] and δ ∈ [0, 1] we have φ(δµ) ≤ δφ(µ).

According to above definitions, if a subadditive function φ : A ⊂ [0,∞) → R is also starshaped,
then φ is a convex function.

In [11], Özcan gave generalization of subadditive functions and established inequalities ofHermite-
Hadamrd type as follows:

Definition 1.3. A function φ : I ⊂ [0,∞) → R is considered to be exponentially subadditive, if the
following inequality holds

φ (µ+ ν) ≤ φ (µ)

esµ
+
φ (ν)

esν
, (2)

for all µ, ν in I and s ∈ R. A mapping φ is considered to be exponentially superadditive, if inequality (2)
is conversed.
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Remark 1.2. If a exponentially subadditive function φ : A ⊂ [0,∞) → R is also starshaped, then φ is a
exponentially convex function given by Awan et al. in [2].

Remark 1.3. It is obvious that for s = 0 Definition 1.3 reduces to Definition 1.1.

Theorem 1.1. We assume that a continuous function φ : I = [0,∞)→ R is exponentially subadditive,
κ1,κ2 ∈ I◦ with κ1 < κ2. Then, the following inequalities hold:

1

2
(κ1 + κ2) ≤ 1

κ2 − κ1

∫ κ2

κ1

φ (µ)

esµ
dµ ≤ 1

κ1

∫ κ1

0

φ (µ)

e2sµ
dµ+

1

κ2

∫ κ2

0

φ (µ)

e2sµ
dµ.

Remark 1.4. In Theorem 1.1, if we consider s = 0. Then, Theorem 1.1 transforms into [19, Theorem 2].

2 Main results

In this section, we give fractional version ofHermite-Hadamard inequality and related inequalities
for exponentially subadditive functions.

Theorem 2.1. Let φ : I = [0,∞) → R be a continuous exponentially subadditive function, κ1,κ2 ∈ I◦
with κ1 < κ2. Then, the following inequalities hold for Riemann-Liouville factional integral:

1

2
φ(κ1 + κ2) ≤ Γ(α+ 1)

2(κ2 − κ1)α
[Jακ1+(h1(κ2) + Jακ2−h1(κ1)] (3)

≤ α

2κα1

∫ κ1

0

[
µα−1 + (κ1 − µ)

α−1
] φ (µ)

e
s
(
2µ+

(
κ1−µ
κ1

)
κ2

) dµ
+

α

2κα2

∫ κ2

0

[
µα−1 + (κ2 − µ)

α−1
] φ (µ)

e
s
((

κ2−µ
κ2

)
κ1+2µ

) dµ,
where h1(µ) = φ(µ)

esµ .

Proof. Since φ is an exponentially subadditive function, we have

φ(µ+ ν) ≤ φ(µ)

esµ
+
φ(ν)

esν
. (4)

Put µ = δκ1 + (1− δ)κ2 and ν = δκ2 + (1− δ)κ1,we have

φ(κ1 + κ2) ≤ φ (δκ1 + (1− δ)κ2)

es(δκ1+(1−δ)κ2)
+
φ ((1− δ)κ1 + δκ2)

es((1−δ)κ1+δκ2)
(5)

≤ φ (δκ1)

es(2δκ1+(1−δ)κ2)
+

φ ((1− δ)κ2)

es(δκ1+2(1−δ)κ2)
+

φ ((1− δ)κ1)

es(2(1−δ)κ1+δκ2)
+

φ (δκ2)

es((1−δ)κ1+2δκ2)
.

Multiplying each side of (5) with δα−1, later integrating the resultant one respecting δ on the
interval [0, 1], we obtain that

1

α
φ(κ1 + κ2) ≤

1∫
0

δα−1φ (δκ1 + (1− δ)κ2)

es(δκ1+(1−δ)κ2)
dδ +

1∫
0

δα−1φ ((1− δ)κ1 + δκ2)

es((1−δ)κ1+δκ2)
dδ. (6)

≤
∫ 1

0

δα−1 φ (δκ1)

es(2δκ1+(1−δ)κ2)
dδ +

∫ 1

0

δα−1 φ ((1− δ)κ2)

es(δκ1+2(1−δ)κ2)
dδ

+

∫ 1

0

δα−1 φ ((1− δ)κ1)

es(2(1−δ)κ1+δκ2)
dδ +

∫ 1

0

δα−1 φ (δκ2)

es((1−δ)κ1+2δκ2)
dδ.
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By using change of variables of integration, we have

1

α
φ(κ1 + κ2) ≤

κ2∫
κ1

(
κ2 − µ
κ2 − κ1

)α−1h1(µ)
dµ

κ2 − κ1
+

κ2∫
κ1

(
µ− κ1

κ2 − κ1
)α−1h1(µ)

dµ

κ2 − κ1
(7)

≤ 1

κα1

∫ κ1

0

[
µα−1 + (κ1 − µ)

α−1
] φ (µ)

e
s
(
2µ+

(
κ1−µ
κ1

)
κ2

) dµ
+

1

κα2

∫ κ2

0

[
µα−1 + (κ2 − µ)

α−1
] φ (µ)

e
s
((

κ2−µ
κ2

)
κ1+2µ

) dµ.
Multiplying (7) by α

2 , we get

1

2
φ(κ1 + κ2) ≤ Γ(α+ 1)

2(κ2 − κ1)α
[Jακ1+h1(κ2) + Jακ2−h1(κ1)]

≤ α

2κα1

∫ κ1

0

[
µα−1 + (κ1 − µ)

α−1
] φ (µ)

e
s
(
2µ+

(
κ1−µ
κ1

)
κ2

) dµ
+

1

κα2

∫ κ2

0

[
µα−1 + (κ2 − µ)

α−1
] φ (µ)

e
s
((

κ2−µ
κ2

)
κ1+2µ

) dµ,
which completes the proof of the Theorem.

Remark 2.1. In Theorem 2.1, if we assume α = 1. Then, we obtain Theorem 1.1.

Remark 2.2. In Theorem 2.1, if we consider α = 1 and φ (δµ) ≤ δφ (µ). Then, we obtain [2, Theorem 1].

Remark 2.3. In Theorem 2.1, if we take s = 0. Then, we get [1, Theorem 7].

Remark 2.4. In Theorem 2.1, if we set s = 0 and φ (δµ) ≤ δφ (µ) . Then, we obtain [1, Corollary 1].

Theorem2.2. Letφ, ϕ : I = [0,∞)→ R be two continuous exponentially subadditive functions,κ1,κ2 ∈
I◦ with κ1 < κ2. Then, the following inequality holds for Riemann-Liouville factional integrals:

1

2
φ (κ1 + κ2)ϕ (κ1 + κ2) (8)

≤ Γ(α+ 1)

2(κ2 − κ1)α
[Jακ1+(h2(κ2) + Jακ2−h2(κ1)]

+
α

2es(κ1+κ2)

[
1

κα1

∫ κ1

0

[
µα−1 + (κ1 − µ)

α−1
] φ (µ)ϕ (κ1 − µ)

esκ1
dµ

+
1

κα2

∫ κ2

0

[
µα−1 + (κ2 − µ)

α−1
] φ (µ)ϕ (κ2 − µ)

esκ2
dµ

+
1

κα1

∫ κ1

0

[
µα−1 + (κ1 − µ)

α−1
] φ (µ)ϕ

(
µκ2

κ1

)
e
sµ

(
κ1+κ2

κ1

) dµ

+
1

κα2

∫ κ2

0

[
µα−1 + (κ2 − µ)

α−1
] φ (µ)ϕ

(
µκ1

κ2

)
e
sµ

(
κ1+κ2

κ2

) dµ

 ,
where h2 (µ) = φ(µ)ϕ(µ)

e2sµ .
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Proof. Since φ and ϕ are exponentially subadditive functions, so we have

φ(µ+ ν) ≤ φ(µ)

esµ
+
φ(ν)

esν
(9)

ϕ(µ+ ν) ≤ ϕ(µ)

esµ
+
ϕ(ν)

esν
. (10)

Using µ = δκ1 + (1− δ)κ2 and ν = (1− δ)κ1 + δκ2,we have

φ(κ1 + κ2) ≤ φ (δκ1 + (1− δ)κ2)

es(δκ1+(1−δ)κ2)
+
φ ((1− δ)κ1 + δκ2)

es((1−δ)κ1+δκ2)
(11)

ϕ(κ1 + κ2) ≤ ϕ (δκ1 + (1− δ)κ2)

es(δκ1+(1−δ)κ2)
+
ϕ ((1− δ)κ1 + δκ2)

es((1−δ)κ1+δκ2)
. (12)

From (11) and (12), we obtain

φ(κ1 + κ2)ϕ(κ1 + κ2) (13)

≤
[
φ (δκ1 + (1− δ)κ2)

es(δκ1+(1−δ)κ2)
+
φ ((1− δ)κ1 + δκ2)

es((1−δ)κ1+δκ2)

]
×
[
ϕ (δκ1 + (1− δ)κ2)

es(δκ1+(1−δ)κ2)
+
ϕ ((1− δ)κ1 + δκ2)

es((1−δ)κ1+δκ2)

]
=

φ(δκ1 + (1− δ)κ2)ϕ(δκ1 + (1− δ)κ2)

e2s(δκ1+(1−δ)κ2)
+
φ((1− δ)κ1 + δκ2)ϕ((1− δ)κ1 + δκ2)

e2s((1−δ)κ1+δκ2)

+
φ(δκ1 + (1− δ)κ2)ϕ((1− δ)κ1 + δκ2)

es(κ1+κ2)
+
φ((1− δ)κ1 + δκ2)ϕ(δκ1 + (1− δ)κ2)

es(κ1+κ2)

≤ φ(δκ1 + (1− δ)κ2)ϕ(δκ1 + (1− δ)κ2)

e2s(δκ1+(1−δ)κ2)
+
φ((1− δ)κ1 + δκ2)ϕ((1− δ)κ1 + δκ2)

e2s((1−δ)κ1+δκ2)

+
1

es(κ1+κ2)

[(
φ (δκ1)

esδκ1
+
φ ((1− δ)κ2)

es((1−δ)κ2)

)(
ϕ ((1− δ)κ1)

es((1−δ)κ1)
+
ϕ (δκ2)

esδκ2

)]
+

1

es(κ1+κ2)

[(
φ ((1− δ)κ1)

es((1−δ)κ1)
+
φ (δκ2)

esδκ2

)(
ϕ (δκ1)

esδκ1
+
ϕ ((1− δ)κ2)

es((1−δ)κ2)

)]
=

φ(δκ1 + (1− δ)κ2)ϕ(δκ1 + (1− δ)κ2)

e2s(δκ1+(1−δ)κ2)
+
φ((1− δ)κ1 + δκ2)ϕ((1− δ)κ1 + δκ2)

e2s((1−δ)κ1+δκ2)

+
1

es(κ1+κ2)

[
φ (δκ1)ϕ ((1− δ)κ1)

esκ1
+
φ ((1− δ)κ1)ϕ (δκ1)

esκ1
+
φ (δκ2)ϕ ((1− δ)κ2)

esκ2

+
φ ((1− δ)κ2)ϕ (δκ2)

esκ2
+
φ (δκ1)ϕ (δκ2)

esδ(κ1+κ2)
+
φ ((1− δ)κ1)ϕ ((1− δ)κ2)

esδ(κ1+κ2)

+
φ (δκ2)ϕ (δκ1)

es(1−δ)(κ1+κ2)
+
φ ((1− δ)κ2)ϕ ((1− δ)κ1)

es(1−δ)(κ1+κ2)

]
.

Multiplying each side of (13) with δα−1, later integrating the resultant one respecting δ on the
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interval [0, 1],we get

1

α
φ (κ1 + κ2)ϕ (κ1 + κ2)

≤
∫ 1

0

δα−1φ(δκ1 + (1− δ)κ2)ϕ(δκ1 + (1− δ)κ2)

e2s(δκ1+(1−δ)κ2)
dδ

+

∫ 1

0

δα−1φ((1− δ)κ1 + δκ2)ϕ((1− δ)κ1 + δκ2)

e2s((1−δ)κ1+δκ2)
dδ

+
1

es(κ1+κ2)

∫ 1

0

δα−1

[
φ (δκ1)ϕ ((1− δ)κ1)

esκ1
+
φ ((1− δ)κ1)ϕ (δκ1)

esκ1
+
φ (δκ2)ϕ ((1− δ)κ2)

esκ2

+
φ ((1− δ)κ2)ϕ (δκ2)

esκ2
+
φ (δκ1)ϕ (δκ2)

esδ(κ1+κ2)
+
φ ((1− δ)κ1)ϕ ((1− δ)κ2)

es(1−δ)(κ1+κ2)

+
φ (δκ2)ϕ (δκ1)

esδ(κ1+κ2)
+
φ ((1− δ)κ2)ϕ ((1− δ)κ1)

es(1−δ)(κ1+κ2)

]
dδ.

By using change of variables of integration, we obtain

1

α
φ (κ1 + κ2)ϕ (κ1 + κ2) (14)

≤ Γ(α)

(κ2 − κ1)α
[Jακ1+(h2(κ2) + Jακ2−h2(κ1)]

+
1

es(κ1+κ2)

[
1

κα1

∫ κ1

0

[
µα−1 + (κ1 − µ)

α−1
] φ (µ)ϕ (κ1 − µ)

esκ1
dµ

+
1

κα2

∫ κ2

0

[
µα−1 + (κ2 − µ)

α−1
] φ (µ)ϕ (κ2 − µ)

esκ2
dµ

+
1

κα1

∫ κ1

0

[
µα−1 + (κ1 − µ)

α−1
] φ (µ)ϕ

(
µκ2

κ1

)
e
sµ

(
κ1+κ2

κ1

) dµ

+
1

κα2

∫ κ2

0

[
µα−1 + (κ2 − µ)

α−1
] φ (µ)ϕ

(
µκ1

κ2

)
e
sµ

(
κ1+κ2

κ2

) dµ

 .
Multiplying both sides of (14) by α

2 ,we obtain the required inequality (8).

Remark 2.5. In Theorem 2.2, if we assume α = 1. Then, we obtain [11, Theorem 2.12].

Remark 2.6. In Theorem 2.2, if we consider α = 1 and φ (δµ) ≤ δφ (µ) . Then, we acquire [2, Theorem
2].

Remark 2.7. If we use s = 0 in Theorem 2.2, then we have [1, Theorem 8 (2.7)].

Remark 2.8. If we take φ (δµ) ≤ δφ (µ) and s = 0 in Theorem 2.2, then we have [1, Corollary 2].

Theorem2.3. Letφ, ϕ : I = [0,∞)→ R be two continuous exponentially subadditive functions,κ1,κ2 ∈
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I◦ with κ1 < κ2. Then we have the following inequality

Γ (α+ 1)

2 (κ2 − κ1)
α

[
Jακ1+φ (κ2)ϕ (κ2) + Jακ2−φ (κ1)ϕ (κ1)

]
≤ α

2κα1

∫ κ1

0

[
µα−1 + (κ1 − µ)

α−1
]
h2 (µ) dµ+

α

2κα2

∫ κ2

0

[
µα−1 + (κ2 − µ)

α−1
]
h2 (µ) dµ

+
α

2κα1

∫ κ1

0

[
µα−1 + (κ1 − µ)

α−1
] φ (µ)ϕ

((
κ1−µ
κ1

)
κ2

)
e
s
(
µ+

(
κ1−µ
κ1

)
κ2

) dµ

+
α

2κα2

∫ κ2

0

[
µα−1 + (κ2 − µ)

α−1
] φ (µ)ϕ

((
κ2−µ
κ2

)
κ1

)
e
s
(
µ+

(
κ2−µ
κ2

)
κ1

) dµ,

where h2 (µ) is same as defined in Theorem 2.2.

Proof. Since φ and ϕ are exponentially subadditive functions, we have

φ (δκ1 + (1− δ)κ2) ≤ φ(δκ1)

esδκ1
+
φ((1− δ)κ1)

es(1−δ)κ1
, (15)

ϕ (δκ1 + (1− δ)κ2) ≤ ϕ(δκ1)

esδκ1
+
ϕ((1− δ)κ1)

es(1−δ)κ1
. (16)

From (15) and (16), we have

φ (δκ1 + (1− δ)κ2)ϕ (δκ1 + (1− δ)κ2) (17)

≤ φ(δκ1)ϕ(δκ1)

e2sδκ1
+
φ(δκ1)ϕ((1− δ)κ2)

es(δκ1+(1−δ)κ2)

+
(φ(1− δ)κ2)ϕ(δκ1)

es((1−δ)κ2+δκ1)
+

(φ(1− δ)κ2)(ϕ(1− δ)κ2)

e2s((1−δ)κ2)
.

Similarly, we have

φ ((1− δ)κ1 + δκ2)ϕ ((1− δ)κ1 + δκ2) (18)

≤ φ((1− δ)κ1)ϕ((1− δ)κ1)

e2s((1−δ)κ1)
+
φ((1− δ)κ1)ϕ(δκ2)

es(δκ2+(1−δ)κ1)

+
φ(δκ2)ϕ((1− δ)κ1)

es((1−δ)κ1+δκ2)
+
φ(δκ2)ϕ(δκ2)

e2sδκ2
.

Adding (17) and (18), we obtain

φ(δκ1 + (1− δ)κ2)ϕ(δκ1 + (1− δ)κ2) (19)
+φ((1− δ)κ1 + δκ2)ϕ((1− δ)κ1 + δκ2)

≤ φ(δκ1)ϕ(δκ1)

e2sδκ1
+
φ(δκ1)ϕ((1− δ)κ2)

es(δκ1+(1−δ)κ2)

+
(φ(1− δ)κ2)ϕ(δκ1)

es((1−δ)κ2+δκ1)
+

(φ(1− δ)κ2)(ϕ(1− δ)κ2)

e2(s(1−δ)κ2)

+
φ((1− δ)κ1)ϕ((1− δ)κ1)

e2s((1−δ)κ1)
+
φ((1− δ)κ1)ϕ(δκ2)

es(δκ2+(1−δ)κ1)

+
φ(δκ2)ϕ((1− δ)κ1)

es((1−δ)κ1+δκ2)
+
φ(δκ2)ϕ(δκ2)

e2sδκ2
.
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Multiplying both sides of (19) by δα−1and integrating over [0, 1], we obtain∫ 1

0

δα−1φ(δκ1 + (1− δ)κ2)ϕ(δκ1 + (1− δ)κ2)dδ

+

∫ 1

0

δα−1φ((1− δ)κ1 + δκ2)ϕ((1− δ)κ1 + δκ2)dδ

≤
∫ 1

0

δα−1

[
φ(δκ1)ϕ(δκ1)

e2sδκ1
+
φ((1− δ)κ1)ϕ((1− δ)κ1)

e2s((1−δ)κ1)

]
dδ

+

∫ 1

0

δα−1

[
(φ(1− δ)κ2)(ϕ(1− δ)κ2)

e2s((1−δ)κ2)
+
φ(δκ2)ϕ(δκ2)

e2sδκ2

]
dδ

+

∫ 1

0

δα−1

[
φ(δκ1)ϕ((1− δ)κ2)

es(δκ1+(1−δ)κ2)
+
φ((1− δ)κ1)ϕ(δκ2)

es(δκ2+(1−δ)κ1)

]
+

∫ 1

0

δα−1

[
(φ(1− δ)κ2)ϕ(δκ1)

es((1−δ)κ2+δκ1)
+
φ(δκ2)ϕ((1− δ)κ1)

es((1−δ)κ1+δκ2)

]
dδ.

By using change of variables of integration, we obtain required result.

Remark 2.9. In Theorem 2.3, if we consider α = 1. Then, we gain [11, Theorem 2.14].

Remark 2.10. If we use s = 0 in Theorem 2.3, then we have [1, Theorem 8 (2.8)].

Remark 2.11. If we take φ (δµ) ≤ δφ (µ) and s = 0, then we have [1, Corollary 2].

3 Conclusion

In this work, by applying Riemann-Liouville fractional integrals, the authors derived some
newHermite-Hadamard type inequalities for the exponentially subadditive functions. Moreover,
the authors showed that the key findings of the paper are extensions of several established results
in the field of Hermite-Hadamard type inequalities. It is an interesting and new problem that the
forthcoming researchers can obtain different kinds of integral inequalities for the given class of
subadditive functions in their future work.

Acknowledgement We are thankful to School of Mathematical Sciences Nanjing Normal Univer-
sity, China for providing good research facilities.

Conflicts of Interest The authors declare no conflict of interest.

References

[1] M.A.Ali, M. Z. Sarikaya&H. Budak (2022). FractionalHermite-Hadamard type inequalities
for subadditive functions. Filomat, 36(11), 3715â3729. https://doi.org/10.2298/FIL2211715A.

[2] M. U. Awan, M. A. Noor & K. I. Noor (2018). Hermite-Hadamard inequalities for exponen-
tially convex functions. Applied Mathematics and Information Sciences, 12(2), 405–409.

50

https://doi.org/10.2298/FIL2211715A


S. Abbas et al. Malaysian J. Math. Sci. 17(1): 43–52 (2023) 43 - 52

[3] F. M. Dannan (1986). Submultiplicative and subadditive functions and integral inequalities
of Bellman-Bihari type. Journal of Mathematical Analysis and Applications, 120(2), 631–646.
https://doi.org/10.1016/0022-247X(86)90185-X.

[4] M. R. Delavar & M. De La Sen (2016). Some generalizations of Hermite–Hadamard type
inequalities. SpringerPlus, 5(1), Article ID 1661. https://doi.org/10.1186/s40064-016-3301-3.

[5] M. R. Delavar & M. De La Sen (2017). On generalization of Fejér type inequalities. Commu-
nications in Mathematics and Applications, 8(1), 31–43.

[6] S. S. Dragomir & R. P. Agarwal (1998). Two inequalities for differentiable mappings and ap-
plications to special means of real numbers and to trapezoidal formula. Applied Mathematics
Letters, 11(5), 91–95. https://doi.org/10.1016/S0893-9659(98)00086-X.

[7] S. S. Dragomir & C. Pearce (2000). Selected topics on Hermite-Hadamard inequalities and appli-
cations. University of Adelaide, Australia.

[8] E. Hille & R. S. Phillips (1996). Functional analysis and semi-groups volume 31. American
Mathematical Society, United States.

[9] R. G. Laatsch (1962). Subadditive functions of one real variable. PhD thesis, Stanford University,
Oklahoma State University, Oklahoma.

[10] J. Matkowski & T. Swiatkowski (1993). On subadditive functions. Proceedings of the American
Mathematical Society, 119(1), 187–197.

[11] S. Özcan (2020). Integral inequalities of Hermite-Hadamard type for exponentially subaddi-
tive functions. AIMS Mathematics, 5(4), 3002–3009. https://doi.org/10.3934/math.2020194.

[12] J. E. Pečarić & Y. L. Tong (1992). Convex functions, partial orderings, and statistical applications.
Academic Press, Massachusetts, United States.

[13] R. A. Rosenbaum (1950). Sub-additive functions. Duke Mathematical Journal, 17(3), 227–247.
https://doi.org/10.1215/S0012-7094-50-01721-2.

[14] M. Z. Sarikaya (2012). On new Hermite Hadamard Fejér type integral inequalities. Studia
Universitatis BabeÅ-Bolyai. Mathematica, 57(3), 377–386.

[15] M. Z. Sarikaya & N. Aktan (2011). On the generalization of some integral inequalities and
their applications. Mathematical and Computer Modelling, 54(9-10), 2175–2182. https://doi.
org/10.1016/j.mcm.2011.05.026.

[16] M. Z. Sarikaya, A. Saglam & H. Yildirim (2008). On some Hadamard-type inequalities for
h-convex functions. Journal of Mathematical Inequalities, 2(3), 335–341.

[17] M. Z. Sarikaya & S. Erden (2014). On the weighted integral inequalities for convex function.
Acta Universitatis Sapientiae Mathematica, 6(2), 194–208.

[18] M. Z. Sarikaya, H. Yaldiz & S. Erden (2014). Some inequalities associated with the Hermite–
Hadamard–Fejér type for convex function. Mathematical Sciences, 8(4), 117–124. https://doi.
org/10.1007/s40096-014-0136-3.

[19] M. Z. Sarikaya &M.A. Ali (2019). Hermite-Hadamard type inequalities and related inequal-
ities for subadditive functions. Miskolc Mathematical Notes, 22, 1–6. https://doi.org/10.18514/
MMN.2021.3154.

[20] K.-L. Tseng, G.-S. Yang & K.-C. Hsu (2011). Some inequalities for differentiable mappings
and applications to Fejér inequality and weighted trapezoidal formula. Taiwanese Journal of
Mathematics, 15(4), 1737–1747.

51

https://doi.org/10.1016/0022-247X(86)90185-X
https://doi.org/10.1186/s40064-016-3301-3
https://doi.org/10.1016/S0893-9659(98)00086-X
https://doi.org/10.3934/math.2020194
https://doi.org/10.1215/S0012-7094-50-01721-2
https://doi.org/10.1016/j.mcm.2011.05.026 
https://doi.org/10.1016/j.mcm.2011.05.026 
https://doi.org/10.1007/s40096-014-0136-3 
https://doi.org/10.1007/s40096-014-0136-3 
https://doi.org/10.18514/MMN.2021.3154
https://doi.org/10.18514/MMN.2021.3154


S. Abbas et al. Malaysian J. Math. Sci. 17(1): 43–52 (2023) 43 - 52

[21] B.-Y. Xi & F. Qi (2013). Hermite-Hadamard type inequalities for functions whose derivatives
are of convexities. Nonlinear Functional Analysis and Applications, 18(2), 163–176.

[22] B.-Y. Xi & F. Qi (2013). Some Hermite-Hadamard type inequalities for differentiable convex
functions and applications. Hacettepe Journal of Mathematics and Statistics, 42(3), 243–257.

[23] G.-S. Yang, D.-Y. Hwang & K.-L. Tseng (2004). Some inequalities for differentiable convex
and concave mappings. Computers & Mathematics with Applications, 47(2-3), 207–216. https:
//doi.org/10.1016/S0898-1221(04)90017-X.

[24] D. Zhao, M. A. Ali, A. Kashuri & H. Budak (2020). Generalized fractional integral inequal-
ities of Hermite-Hadamard type for harmonically convex functions. Advances in Difference
Equations, 2020(1), 1–14. https://doi.org/10.1186/s13662-020-02589-xn.

52

https://doi.org/10.1016/S0898-1221(04)90017-X
https://doi.org/10.1016/S0898-1221(04)90017-X
https://doi.org/10.1186/s13662-020-02589-xn

	Introduction
	Main results
	Conclusion

